A cutved-surface spline function is used t9 describe the reduced excess Gibbs energy for multicomponent liquid mixtures in a model-free theimodynamic method for calculating vapor compositions from experimental temperatures, pressures and liquid cOmpositions. A Newton-Raphson iteration procedure modified by Broyden is used for solving the method's nonlinear equations. The method is illustrated with calculations for a variety of binaries, ternaries and two quaternaries; these calculations indicate that this new method is both stable and reliable. Calculated vapor compositions are in good agreement with experimenL The method converges rapidly and has no special requirements for selecting initial guesses. The method may be used for either isothermal or isobaric data.
INTRODUCTION
For measuring vapor-liquid equilibria in mixtures at cpnstant temperature and at low or moderate pressures, two methods are commonly used. In the first method, the quantities measured are liquid composition x, vapor composition y, and total pressure P all at fixed temperature T. In the second method, only x and P are measured; from these isothermal measurements, vapor compositions y are calculated using the Gibbs-Duhem equation. The relative advantages and disadvantages of these two methods have been discussed extensively in the literature; see, for example, Van Ness (1982) and Abbott (1986) . The main advantage of the second method is that experimental difficulties in measuring y are avoided entirely because y is not measured. The main advantage of the first method ·is that the experimental ·data can be tested for thermodynamic consistency ( see, for example, Prausnitz et al, 1986) ; such a test is not . possible for the second method because the calculation of y from isothermal P -x data asSulnes thermodynamic consistency.
A variation of the second method is to obtain T -x data of constant total pressure. In this case, y is also calculated using the Gibbs-Duhem equation.
While application of the second method has been extensive, almost all attention has been restricted to binary systems. This wmk concerns application to multicomponent systems. We refer to the second method as the isothermal P -x method or the isobaric T -x method.
The simplest and most popular isothermal P-x method is that proposed by Barker (1953) which uses an arbitrary model for the molar excess Gibbs energy gE and then obtains the constants in that model from the isothermal P-x data. Alternatively, Bartcer's method can also be used for isobaric T-x data. Bartcer's method for binary mixtures is easily extended to multicomponent mixtures, as shown, for example, by Abbott and Van Ness (1975) and by Loehe et al (1981) . However, Barker's method has an inherent weakness: to reduce isothermal i-x data or isobaric T -x data, the user must choose a model for gE. Fmal results depend on that choice.
To avoid use of a model for gE, several authors have suggested procedures for numerical calculations. These procedures fall into two classes: indirect methods yield gE (e.g. Mixon et al, 1965) while direct methods integrate the Gibbs-Duhem equation to yield y (e.g. Boissonnas, 1939; Ho et al, 1961; Van Ness, 1970; Manley, 1977,1978; Hu and Ying, 1980) . However, these model-free methods are essentially restricted to binary mixtures. Although Mixon et al (1965) and Hu et al (1980) showed examples of calculations for some ternaries, the indicated calculation efficiency was very low; further, serious convergence problems were encountered. Sayegh and Vera (1980) presented an extensive review on model-free methods for binaries.
This work presents a new indirect model-free method for multicomponent systems. The reduced excess Gibbs energy is simulated by a curved-surface spline function .. Parameters for the spline function are obtained using a Broyden-revised Newton-Raphson iteration procedure.
The method has been successfully tested for a variety of binaries, ternaries and quaternaries.
Thermodynamic Framework
For a K-component system in vapor-liquid equilibrium, for each component i the equality of fugacities gives
where Jt is the fugacity of pure liquid i and ~; is the fugacity coefficient of component i in the vapor phase, both at system temperature T and pressure P. Activity coefficient Y; can be related to the molar excess Gibbs energy gE of the liquid mixture by an equation derived from the Gibbs-Duhem equation:
. aQ
where Q is the reduced excess Gibbs energy defined by
The total pressure can then be related to Q and its partial derivatives.
where subscript x [i ,K] in the partial derivatives indicates that all liquid mole fractions are constant except x; and xx. The partial derivatives in eq.(l) can be expressed as:
h where hE and vE are the molar excess enthalpy and the molar excess volume of the liquid mixture, respectively.
We define an objective function F to express the relative deviation between calculated total pressure P calc by eq.(4) and its corresponding experimental value P apr· The mathematical expectation of that function should be zero.
· , For all data points, eq.(6) forms a set of nonlineai partial differential equations. For multicomponent systems, the essential requirement of the indirect model-free method is to develop an efficient procedure for solving eq.(6) to obtain Q as a function of x;.
Curved-Surface Spline Function
For a K -component system, reduced excess Gibbs energy Q is a continuous function with K -I dimensions in a physically meaningful thermodynamic space. When the number of (P -x) data points in that space is N, we can construct a curved-surface spline function 1 ) fitting all N lattice points. A powerful method for constructing a spline function was developed by aeronautical engineers Harder and Desmarais (1972) method, the curved-surface spline function is simulated by the deformation of an infinite plate which has no curvature in the absence of any loading. Deformation S is related to load q bearing on the plate and to the rigidity of the plate D by the panial differential equation:
Eq. (7) gives deformationS at N independent lattice points with the boundary condition that the surface becomes fiat at points remote from all loads. The curved-surface spline function can be expressed as:
where
In eq. (8) 
In eq.(8), C is a weighting factor related to the quality of the fit It can be varied from one region to another in the lattice space. When the spline function is required to pass strictly ·through all experimental points, C equals zero.
Parameter e is a small adjustable quantity whose value is chosen according to practical conditions. If the surface is characterized by a sharp curvature, e is about 1~-1<r. If the curvature of the surface is moderate, e is about 1 -w-2 • We take e=O.OOI in all cases. The partial derivative of S with respect to composition can be written:
Application of the Curved-Surface Spline Function to the Model-Free Method From experimental measurements, there are N independent isothermal total pressures or N independent isobaric boiling temperan.rres . at different liquid compositions including K data points for pure components {x 1 ,.
ticomponem points, we replace the reduced excess Gibbs energy Q and the corresponding derivatives in eqs.(4) and (6) by the curved-surface spline function and its derivatives, i.e., eqs (8) and (12):
Therefore, we have N -K independent equations for the objective function, eq. (6): 
In addition, we have another K restraint equations for d,., eqs. (10) and (11):
Now we have N+K independent equations in total, eqs. (10), (11), (16) and (17). We can solve for N +K parameters of the curved-surface spline function for the reduced excess Gibbs energy Q. After calculating activity coefficients by eq. (2), vapor compositions can then be obtained using eq(1).
Computation Prodedures
Eqs. (10), (11), (16) and (17) can be rewritten in an abbreviated vector fonn:
where X and Y are vectors.
Here superscript T means "transpose".
(19) .,
Various numerical methods can be used to solve this set of nonlinear equations, indicated by eq. (18). We use the Newton-Raphson method modified by Broyden. Details are given elsewhere (Holland, 1981) . Elementary iteration procedures are as follows:
Where J is the Jacobian matrix. The essential of the Broyden modification is to establish a recurrence relation between J's of two successive iterati<:>ns: (23) Because the inverse matrix of J at the k th iteration can be obtained from that at the preceding k-Ith iteration by eq.(24), the computing time for estimating a Jacobian and its inverse matrix can be greatly reduced.
ILLUSTRATIONS

Binaries
Before applying the preceding method, it is necessary to smooth experimental isothermal P -x data or isobaric T -x data. Such data are first fit by some analytical function, for instance, a polynomial, from which values of total pressures or boiling temperatures can be interj>olated.
For isothermal binaries, we use (24) For isobaric binaries, we use (25) where Pt and r;" are vapor pressure and boiling temperature of pure component i, respectively;
Here lt are parameters of the polynomial.
Vapor-phase nonideality is taken into account through fugacity coefficients in eq. (8) or (13) is set equal to zero because experimental data have been smoothed. Parameter e in eq. (8) is 0.001. Tables 1 and 2 show two examples for calculations using the indirect model-free method in this worlc. The first example, the chloroform(l)/ethanol(2) binary at 55°C, is isothermal; the second example, the benzene(l)/2-propanol(2) binary at 101.325kPa, is isobaric; For both systems, calculated vapor compositions are in good agreement with experiment. Average deviations are 0.0016 and 0.0052, respectively.
We do not use experimental excess volumes for isothennal data or experimental excess enthalpies for isobaric data. Although we allow for these excess quantities, as indicated in eq.(S), neglecting them has no significant effect on the results. However, when we use the direct method for isobaric data (Hu and Ying, 1980) , setting excess enthalpies equal to zero, the standard deviation is tripled, as shown in Table 2 . The direct method is more sensitive to hE because the fundamental equation in the direct method contains dy 1 dx, which is a higherorder differential equation than eq.(4) in the indirect method of this work. Table 3 shows average deviations for calculations of vapor compositions by the present method for 21 binaries. Results are good.
Ternaries
For ternaries, polynomials are again used to correlate experimental T, P and x data. For isothermal ternaries, we use
For isobaric ternaries, we use (27) where W;i (see eq.27) is a polynomial obtained from binary i-j data and Tables 6 and 7 show more examples; all show satisfactory results. For systems that are nearly ideal, (e.g. dichloromethane/chlorofonn/carbon tetrachloride, and 1,3,5-1,2,4-and 1,2,3-trimethyl benzenes), the number of iterations is very low; a few iterations can reach convergence. However, as nonideality increases, more iterations are needed. Figures 1 and 2 show the reduced excess Gibbs energy Q as a function of composition. In Figure 1 , for the dichloromethane(1)/chlorofonn(2)/carbon tetrachloride(3) ternary, Q is everywhere positive. In Figtire 2, for the acetone(l)/chlofonn(2)/ethanol(3) ternary, Q is positive for the binaries chlorofonn/ethanol and acetone/ethanol with a minimum-roiling azeotrope for chlorofonn-ethanoL However, for the acetone/chlorofonn binary, Q is negative with a maximum-boiling azeotrope. A saddle-shape Q surface describes the ternary. As shown in;;' Table 7 , for such a complicated case, only 9 iterations are required for convergence. Average·~. deviations for y 1 , Yz and y 3 are 0.0103, 0.0080 and 0.0088 respectively, for 36 ternary data: ,, . points.
1-: ~
Quaternaries
The method presented here can also be applied to systems containing four components ... To illustrate, neglecting vapor-phase nonidealities, Table 8 shows results for the system, cyclohexane(1)/benzene(2)/2-propanol(3)/2-butanone(4) at 101.325kPa. With 36 iterations, con..;;:, vergence was obtained for 58 quaternary data points . Average .deviations of vapor composi-' tions are 0.0134, 0.0134, 0.0133 and 0.0095 for Y1o y 2 , y 3 and y 4 , respectively. Table 9 shows results for another example, the ethanol(1)/chlorofonn(2)/acetone(3)/n-hexane(4) quaternary at 55°C. With 25 iterations, convergence was obtained for 84 quaternary data points. Average deviations of vapor compositions are 0.0144, 0.0145, 0.0288 and 0.0201 for Y1o y 2 , y 3 and y 4 , respectively.
CONCLUSION
The power of thermodynamics follows from its rigorous general relations between a system's different properties. Therefore it is sometimes possible to avoid a difficult experimental measurement because the quantity that cannot easily be measured can be calculated from other quantities that, pernaps, are measured more easily. In the work discussed here, the rigorous general relation is the Gibbs-Duhem equation; using either isothermal P-x data or isobaric T ...;.x data, this equation pennits us to calculate vapor composition y which is often . difficult to obtain accurately with standard experimental methods.
The work presented here provides a robust and accurate numerical method for perfonning the necessary calculations to obtain y. The method does not require assumption of a particular .;.. (Hu and Ying, 1980) , (c) direct method, hE=O (Hu and Ying, 1980) Data source: Nagata, I., Can. I. Chern, Eng., 42 82 (1964) . 
